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Term Example be fini t ion

m : " + 1 The maximum d inens ions ot the mat ri x
(I'. associated with a 1 !1 enX ''-
men.

m
P = P P Probability of blue survival in

j1= J I N M engagement. . otk: It is

assumed that P. " 1..
2 m

En = . * P.. Expected number of blue rouLds
j=l 1. 13 expended per engagee::nt

in

E N 1 /Ps Expected number of b1tie rounds~n/S 1 .i* lj n sr ie
n/S 1 expended in a survived enoament

int

: = Nn * P. /(1-P ) Expected number of blue rounds
n/S .i3_1 S. expended in an enaige:,ent not stir-

vived

. EK = 7 V (j-l) * P. Expected number of red tanks de-
i=1 i=l stroyed in an engagement

E = (j-1 * P /P Expected number of red tanks de-
K/S =j s stroyed in an engagement surviv'ed

by blue
in

F (j-) * p.2./(1-P Expected number of red tanks
S destroyed in a blue attrited

engagement

ER = EK/S/En,. An indicator of the number of red
tanks killed per blue round fired

in an engagement survi ved by blIi

N = integer ' -- The average number of successful
En/S engagements implied bv an amrntuni on

load consisting of 1. rounds

NR =I - N * I:/S The average number of rounds

renaining after N cnta-Zei;ents

have leen surviv 'ed

L * E An approximate number of red tank,
K/R R R killed bY R rounds.

* (3
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ith the preceding information at hand, we approximate the expected
value eauation by using engagement averages for the possible values of
the number of red tanks killed, and by limiting the possible number of
successful engagements to the average number of successful engagements
implied by the original ammunition complement, i.e.,

ET = -1 - F E -)P 1( P + (N * E + E PN (1)T i=0 K/S EK/s S)  K/S K/R) S

where ET is approximate expected kills per ammunition load. Note that
the term (i * EK/S + E K/) is the average number of red tanks killed

given that blue was atcrited during the (i+l) engagement. Also note

that p1 (1 - P-) is the probability that blue was attrited on specifi-
cally he (i4) engagement.

The term on the far right refers to the situation where blue sur-
'ives all N engagements. Notice that the term E is a type of "fudge

K/ R
factor" to indicate the potential kills of the residual rounds stowed
after N successful engagements.

* The series contained in Equation (1) can be solved in closed form
h, remembering that

N-1 N
7 1 1 -a

L a =1 a
i=O

N-1 3 N - I

i a ai,, ia = a y =
i=O0

hith these relations, Equation (1) can first be reduced to

T Ps, " - 2

* which can further be contracted to

N

E. S 1: K3- (l- P) +1E P5  +F PN (3)
( 1 K/S S K/S PS + EK/R S

* which then is seen to be

(1 - pK + N
E S E + EP/ (4)
T (I P P5 ) K S K/R

S 7
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At this point we can only hope that the equation cannot be reduced

further or it might completely disappear!

One item which must be verified is that Equation (4) is continuous
with respect to N R1 i.e., does the example "fudge factor" work at the

extremes of NR = 0 and N = En/S' ien N = 0 there are no residual

rounds and since EK/R = 5 under this condition, the factor is correct

for this extreme. However, as N - E the ET equation should approlchR n/S 'T eutinsol pr~c
the next order value. This can be shown by observing that

(1 - P ( (1 - P "ira (v I
imS E +p FN E S :

N - E 1 -P K S K/R 1 -P K N -R n/S S S R - hS_ + ~ - + N2n.

(I PP
S N1 PS K +  P (E * .

- l sEK

Since the factor is consistent at the extremes, it appears reason-
able. The implicit assumption concerning E which will remainZ:I K/R
challengeable is that E is linear with respect to NR.

Another item of interest concerns the degenerate cases; namely,
X = I and NR = 0 and N -, . Since N = 1 and NR = 0 imply that there

is, on average, insufficient ammunition to entertain subsequent engage-
:-ients, the answer of ET  F K  of Equation (4) is intuitively palatable.

Finally, taking N - implies an unlimited load and the result of

EK
ET (I PS)

* is again consistent since it represents the exchange ratio for the
encgagement, i.e., the ratio of the expected number of red tanks kille,!
to the expected number of blue tanks killed.

Bolstered by the absence of inconsistencies, the next section wiil
discuss a few examples.

I

* j
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III. EXAMPLES

1 Blue Versus 1 Red

Assume that L = 50, and that

11 [1 -5] ;N.. [50 4]

then K =.5 + .2) * =.7

" = I + .5 = .6

En = (50 * .1 + 4 * .5)/.6 = 11.67

N N = integer (50/11.67) = integer (4.29) = 4

Nr = 50 - 4 * 11.0- = 3.32

KR 32 (.83/11.67) = .24

* im F = .7/(1 - .6) = 1.75

l ) .64.) .6 24) =1.55

F (1 - .6)

thus, for this example the exchange ratio = 1.75

expected kills per engagement = .7

expectea kills per ammunition load = 1.7 ,

I Blue Versus 3 Red

Assume that L = 50, and

S .0 .2 .15 .05

Pi .05 .25 .2 .1

S=[ 
4 ]

then E (.2 + .25) * I + (.15 + .2) * 2 + (.05 + .1) * 3 = 1.6

PS .0 + .2 + .15 + .0S = .4

Ln  - (0 * .0 + 3 * .2 4 * .15 + 5 * .05)/.4 3.b25n/S""

N = integer (50/3.625) = integer (13.793) = 13

0 9
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2 S2.8 I b 3 S025 9.>

i E 1TI.6'(1 -1 .4 2 0 7.

F I __._ 13 1.6 + .4 13 1.29~
T ii-IT

i.e. exchange rate ' .07

OX-eC~ted kill pe enaeenI.
expecte.I kills p)er load =.

IV. Slr1R

Nfl lie st: 15 eiat ion has becen dievel1opel uIsia11msth raa
ar~a ianOf 1 N tank engagiement output data inlto a mien sure ot
a~rermncewiich integrates the ef fect s of leothalI i t, v7le i t\

andJ amnit 1 i dep Ictt ion. IFhe equat ion:

N )
E1 +. K N E

is miz1-a of the exmected number of red tainks; k ile 1 c 1i ae 1 1

lrf x 1nfinie amunition load) . An assumption, implicit t,- thik
aItSo thlat I-0Trem -in Const ant as 1 ong, as the rest diua :wrannumt ic

OI zrent er t haii (or equl to), the average amman 11it ion expenlded in
e- ntu1 e omgenilt . .- l1thouL'h the a ssumpt ion will tend to nrovilc

iIirthan the true answer at small values of N, the equat ion appca rs
he roa~o ihi e~ in terms of providing a good 'feel"' of the. i nterplavinag
,.nft nn! hardenIs of system perform~ance.

It is; a rather trix'al exercise to generalize the term~s of the
0a. ,aat ion suIcI that thle approximat ion would be rel1evant to N* N 'Ieign

:nts llowever, the cumulat ion of assumptions' support ing sas h nn
c~es s maesthe auithor uncomfortable and bv nature of th enra I i -

-it IOnl , t he- resul tant eqjuat onl miay at ta in more c rudene e t han it w.arranit s
luin, temporarI i 1:: aI least, the development terminates alt this pc it.
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